Abstract. We discuss the question of which properties of smallness in the sense of measure and category (e.g. being a universally null, perfectly meager or strongly null set) imply the properties of smallness related to some tree forcing notions (e.g. the properties of being Laver-null or Miller-null).
Notation and terminology
Most of the notation used in this paper is standard. The symbol ω denotes the set of natural numbers. By A ω we denote the set of all infinite sequences of elements of A (where A will always be equal to ω or 2 = {0, 1}). The symbol A <ω stands for the set of all finite sequences of elements of A. For s ∈ A <ω , [s] is the set of all infinite sequences of elements of A which extend s:
[s] = {x ∈ A ω : s ⊆ x}.
We say that a set T ⊆ A <ω is a tree if T is closed under restrictions, i.e.,
∀s ∈ T ∀n ≤ |s| s n ∈ T.
Every tree is naturally ordered by the reverse inclusion (so s ≤ t if, and only if, s extends t, for s, t being elements of a tree). If T ⊆ A <ω is a tree, then by [T ] we denote its body, i.e. the set of all infinite branches of T :
[T ] = {x ∈ A ω : ∀n ∈ ω x n ∈ T }.
For a tree T , we define Split(T ) to be the set {s ∈ T : |{n ∈ ω : s n ∈ T }| > 1}.
By Split n (T ) we will denote the n-th level of Split(T ):
Split n (T ) = {s ∈ Split(T ) : |{k < |s| : s k ∈ Split(T )}| = n}.
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We say that a tree T is well-founded, if [T ] = ∅, i.e. if every chain in T is finite. For a well-founded tree T , we define T = {x ∈ A ω : ∃n ∈ ω x n is a minimal element in T }.
We will say that a tree is well-pruned if every maximal chain in T is infinite. Unless otherwise stated (which will be the case for well-founded trees), we will assume that every tree in question is well-pruned.
The spaces ω ω and 2 ω are given the standard product topologies. In the case of 2 ω we also introduce a group structure in this space, treating it as the countable product of the group Z 2 . We will also consider the standard product probability measure on 2 ω , which will be referred to as the Lebesgue measure.
, for all but finitely many n ∈ ω. The cardinal number b is the smallest size of an unbounded family, i.e. a family F ⊆ ω ω such that for every g ∈ ω ω , there exists f ∈ F such that f ≤ * g. The cardinal number continuum, i.e. the cardinality of the set of real numbers, is denoted by c.
Introduction and basic definitions
Let us begin with a few definitions of small sets in the sense of measure and category. Definition 2.1. A subset X of a metric space is called strongly null (or strong measure zero set, X ∈ SN ) if for every sequence of positive reals ε n : n ∈ ω , there exists a sequence of open sets I n : n ∈ ω such that diam(I n ) ≤ ε n and X ⊆ n I n .
Definition 2.2.
A subset X of a Polish space Y is called universally null (X ∈ UN ) if it is null with respect to any Borel probability measure on Y vanishing on points.
Definition 2.3. A set X ⊆ 2
ω is called strongly meager (X ∈ SM) if for every full Lebesgue measure set G, there exists t ∈ 2 ω such that X ⊆ t + G.
Definition 2.5.
A subset X of a Polish space is called perfectly meager (X ∈ PM) if for every perfect set P , the set X ∩ P is meager in P .
It is known (and in some cases obvious) that the following inclusions hold between these classes in the space 2 ω :
• SN UN N , • SM ⊆ VM PM M. Moreover, both strongly meager and very meager sets can be considered to be a "category analogue" of strongly null sets (see [1] and [4] ). Similarly, perfectly meager sets are a category analogue of universally null sets.
Definition 2.6. A tree T ⊆ ω
<ω is called
• a perfect tree if
• a Laver tree if
• a Miller tree (or a superperfect tree) if
In other words, T is a perfect tree if it splits somewhere below every node, T is a Miller tree if somewhere below every node it splits into infinitely many successors, and T is a Laver tree if it has a stem s, and below this stem it splits into infinitely many successors at every node.
Let L, M, S denote the classes of Laver, Miller and perfect trees, respectively. Then obviously L ⊆ M ⊆ S. Definition 2.7. Let X ⊆ ω ω . We say that
• X has the m 0 -property if
• X has the s 0 -property if
It can be proved in ZFC (see [2] ) that there is no implication between any two of the properties l 0 , m 0 , s 0 .
For the purpose of our paper we would also like to extend the notions of the l 0 -, m 0 -and s 0 -properties to subsets of 2 ω . This is motivated by the fact that while the space ω ω has a nice combinatorial structure required to consider these classes of sets, the classes of sets like SM and VM are usually studied in the space 2 ω . Let ω ↑ω denote the set of all strictly increasing elements of ω ω . One can easily check that the function φ 1 : ω ω → ω ↑ω , defined as
is a homeomorphism. Moreover, the function φ 2 : ω ↑ω → 2 ω which identifies an increasing function with the characteristic function of its range is a homeomorphism between ω ↑ω and
Remark 2.9. A better known way of defining the s 0 -property in 2 ω is simply to reformulate our definition of the s 0 -property in ω ω in terms of perfect trees on 2 <ω : a set X ⊆ 2 ω has the s 0 -property if for every perfect tree T ⊆ 2 <ω , there exists a perfect tree T ⊆ T such that X ∩ [T ] = ∅. We would like to point out that these two definitions are equivalent. This easily follows from the Perfect Set Theorem for Borel sets and from the fact that the bodies of the perfect trees (either on ω <ω or 2 <ω ) are precisely perfect sets (in ω ω or 2 ω , respectively).
Remark 2.10. We had to fix our homeomorphism φ to have a logically correct definition. Our choice seems to follow the idea of Brendle's definition from [2] . One can check that at least the definitions of the m 0 -and s 0 -properties in 2 ω do not depend on the choice of φ, i.e. we would obtain equivalent definitions if we considered another homeomorphism instead. This is true because the concepts of a perfect and a Miller tree can be expressed in purely topological language (see Remark 2.9 and Lemma 3.4, for instance). It is not clear whether the definition of the l 0 -property in 2 ω depends on the choice of a particular homeomorphism. Nevertheless, all the results from our paper remain true if we consider another homeomorphism instead.
Let us also observe that, since φ is a homeomorphism between ω ω and a cocountable subset of 2 ω , a set X ⊆ ω ω is universally null (perfectly meager) in ω ω if, and only if, φ[X] is universally null (perfectly meager, resp.) in 2 ω . Thus, if we write about universally null (or perfectly meager) sets without specifying the space we are working in, then we mean that the result is general, i.e. it holds for universally null (or perfectly meager) subsets of ω ω and 2 ω . A classical result (see [6] ) says that: Theorem 2.11.
• Every perfectly meager set has the s 0 -property.
• Every universally null set has the s 0 -property.
It follows, in particular, that all the properties mentioned in Definitions 2.1-2.5 imply the s 0 -property.
In our paper we continue the study from [9] , discussing the possibility of proving "l 0 and m 0 versions" of this theorem for perfectly meager, universally null and strongly null sets.
On the category side
The following theorem was already proved in [9] : Theorem 3.1. Every very meager set X ⊆ 2 ω has both the l 0 -and the m 0 -property.
We begin with an observation already announced in [9] .
Theorem 3.2. Every perfectly meager set has the m 0 -property.
We need the following lemma:
Proof. Without loss of generality we can assume that F = n∈ω F n , where each F n is closed nowhere dense.
We will inductively construct an increasing sequence T n : n ∈ ω of well-founded trees such that: Suppose that we have constructed T n . For every minimal element s in T n , we can find r s ⊇ s such that [r s ] ∩ F n+1 = ∅. As before, [r s ] = n [r s n]. Now let T n+1 be the smallest well-founded tree containing all r s n, for all minimal elements in T n . It is easy to check that T n+1 is as needed.
We will say that a closed set F ⊆ ω ω is nowhere compact if for every clopen set U ⊆ ω ω , the set U ∩ F is not compact whenever U ∩ F = ∅. We leave the following easy lemma as an exercise to the reader: 
Obviously, X = {f α : α < ω 1 } is an ω 1 -scale. Moreover, by the choice of f α , X intersects [T ], for every Laver tree T .
One can easily check that the proof of the previous lemma also works under the assumption b = c. Theorem 3.6. Assume CH. Then not every perfectly meager set has the l 0 -property.
Proof. It was proved in [8] that every ω 1 -scale has a certain very strong combinatorial property which implies its perfect meagerness. Thus, if we consider an ω 1 -scale as in Lemma 3.5, then it does not have the l 0 -property.
It turns out that such an example cannot be constructed in ZFC only. Proof. It is known (see [5] ) that in the iterated Sacks model, every perfectly meager set has size smaller than continuum. On the other hand, one can show in ZFC that every set of cardinality smaller than continuum has the l 0 -property. It follows from the fact that for every Laver tree T , the set [T ] can be partitioned into continuum many disjoint sets of the form [S ξ ], for some family {S ξ : ξ < c} ⊆ L.
On the measure side
In this section we will discuss relations between the classes of strongly and universally null sets and the classes of sets with the l 0 -and the m 0 -property.
Let us introduce some additional terminology. Let T ⊆ ω <ω be any tree. We will say that a sequence {t n : n ∈ ω} ⊆ ω <ω kills s ∈ T if there exists n ∈ ω such that t n ⊆ s.
Fix such a sequence {t n : n ∈ ω} for a moment. Let T be the set of those t ∈ T which are not killed by this sequence. Observe that T is a subtree of T . Moreover,
Let us begin with the following observation which is left to the reader: Let T be the tree consisting of those s ∈ T which are not killed by {t n : n ∈ ω}. Then if T is a Laver (Miller) tree, then T is a Laver (Miller, resp .) tree as well.
Let d be the standard metric on ω ω defined by the following formula:
Theorem 4.2. Every strongly null subset of
Proof. Let X be a strongly null subset of (ω ω , d) and let T be any Laver tree. Using Proposition 4.1, we will construct a sequence ε n : n ∈ ω such that if |t n | = 1 εn , then the tree T consisting of those t ∈ T which are not killed by {t n : n ∈ ω} will be a Laver tree.
Observe first that this really finishes the proof. Indeed, we can choose
. It is easy to observe that if |t n | = (ε n ) −1 , then the assumption of Proposition 4.1 holds, since if s ∈ Split m (T ) is not killed, then at most one s ∈ Split m+1 (T ) extending s is killed. Observe that, as in the proof of Theorem 4.2, it is sufficient to find a sequence ε n : n ∈ ω such that for a given Miller tree T , the assumption of Proposition 4.1 is satisfied, if only |t n | = (ε n ) −1 . The construction of this sequence will be more complicated in this case. We will need the following lemma (we would like to thank P. Zakrzewski for a remark simplifying its proof): Lemma 4.4. For every countable family F ⊆ ω ω , there exists g ∈ ω ω such that for any injection i : ω → ω and for every f ∈ F, we have
Proof. Let g be a strictly increasing function such that
We will show that g is as needed.
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Let i n : n ∈ ω be any injection and suppose that
Indeed, suppose that ∀ ∞ n i n < n. Let N ∈ ω be such that ∀n ≥ N i n < n and put
which contradicts the choice of g. , N ∈ ω} to obtain g ∈ ω ω and let ε n = (g(n)) −1 . We can assume that g(0) > |stem(T )|. Suppose that we have a sequence {t n : n ∈ ω} such that |t n | = (ε n ) −1 = g(n). We claim that the assumption of Proposition 4.1 is satisfied.
As we have assumed that g(0) > |stem(T )|, the stem of our tree is not killed. Take s ∈ Split m (T ) which is not killed by {t n : n ∈ ω}. Let {s n : n ∈ ω} be an injective enumeration of all s ∈ Split m+1 which extend s. Suppose that almost all of s n were killed. Then for some N ∈ ω and for all of the n ∈ ω, the sequence s N +n extends t in , for some i n ∈ ω. Observe that, since s was not killed, i n = i n , for n = n , so the function i : n → i n is an injection. But this contradicts the choice of g, since we have
So far we have been working with the standard metric on ω ω . It turns out that the choice of the metric in this space may be important in questions concerning strongly null subsets of ω ω . As we will see, subsets of ω ω which are strongly null with respect to the metric inherited from the standard metric on the Cantor space need not have the l 0 -property or the m 0 -property. A similar phenomenon was observed by J. B. Brown in [3] On the other hand, X was designed to intersect [T ] , for every Miller tree T , so it cannot have the m 0 -property. See [7] for similar arguments.
As a consequence, we also get: Proof. It is known (see [5] and [6] ) that in the model obtained by adding ω 2 random reals by the random algebra to a model of CH, every universally null set has cardinality smaller than continuum. On the other hand, one can easily check that every set of cardinality smaller than continuum has both the l 0 -and the m 0 -property. Let us also point out that the last corollary follows easily from the Borel Conjecture as well.
